Development of a Finite Element Contact Analysis Algorithm
to Pass the Patch Test
Introduction
The nonlinearity of boundary conditions arises in contact analysis from the dependence of contact areas on deformation, making the solution of contact problems difficult to obtain analytically even if the deformation is infinitesimal. On the other hand, the nonlinear Finite Element Method (FEM) has been widely applied to contact analysis as an important numerical approach. In contact analysis using FEM, contact surfaces are divided into contact segments and the so-called one-pass node-to-segment approach is usually introduced due to its simplicity and clear physical meaning. This imposes geometric constraints by preventing the nodes in one contact surface (slave surface) from penetrating the contact segments in the counterpart contact surface (master surface). In this approach, the virtual work due to contact force is conventionally evaluated based on the concentrate contact force and corresponding virtual displacement at the contact point (1) . However it has been indicated that if the meshes of different contact surfaces become nonconforming due to the arbitrary mesh generation or sliding during deformation, the contact load transmission between contact surfaces cannot be carried out appropriately and thus the contact patch test cannot be passed (2) . To overcome this problem several approaches have been proposed such as assigning contact surfaces alternatively as master and slave (two-pass approach) (3) , or defining a new intermediate surface between contact surfaces (4) , (5) . Because contact analysis with geometric constraint on the contact boundary leads to a mixed variational problem, the inf-sup condition has to be satisfied in the formulation to ensure the convergence and stability of solution under finite element discretization. But in the two-pass approach, due to the over-constraint on contact boundary, the inf-sup condition may not be satisfied and thus the solution errors may not converge with mesh refinement (2) . On the other hand, introducing a new intermediate surface between contact surfaces results in complicated formulation and meets the difficulty of defining a general intermediate surface in 3D case.
In this work, a nonlinear finite element contact analysis algorithm to pass the patch test was developed by keeping the merits of the one-pass approach. Instead of using concentrate contact force as in the conventional approach, the virtual work due to contact force is integrated on the contact surfaces based on the nodal contact pressure. Furthermore, the nodal contact pressures in the master surface are transmitted from the contact pressures at points in the slave surface (which are projection points from the master nodes) by interpolating the contact pressures at the projection points from those at the slave nodes. In this way, the contact patch test can be passed by using procedures in the one-pass approach while the demerits of over-constraint in the two-pass approach and defining a new intermediate surface are avoided. Moreover, the proposed algorithm can be easily introduced into the existing finite element contact analysis codes. Although the asymmetry of the contact stiffness matrix is a shortcoming of the proposed algorithm, it is considered useful in practice if taking into account the importance of contact pressure in the evaluation of frictional force and the asymmetry of the frictional contact stiffness. Additionally, while the formulation is based on the assumption of being frictionless with emphasis on the contact patch test, it can be easily extended to the conventional frictional contact analysis algorithm (6) . In this paper, section 2 introduces the formulation of finite element contact analysis, then an examination of the contact patch test is given in section 3. Section 4 represents the formulation of the proposed algorithm and is followed by two numerical examples in section 5.
The Finite Element Formulation of Contact Problems

1 Governing equations
For a contact system consisting of body 1 (master) and body 2 (slave), the virtual work of the whole system is given in the total Lagrangian form with the undeformed configuration as the reference configuration as (1) where Ω = Ω 1 ⊕ Ω 2 and Γ t = Γ t1 ⊕ Γ t2 are the volume and surface domains of the bodies subjected to the nominal body force ρ 0 g and surface tractiont in the undeformed configuration, respectively. S and E represent the second Piola-Kirchhoff stress and the Green-Lagrange strain, respectively, refer to the undeformed configuration. Furthermore, using the right superscripts m and s denoting the master and slave surfaces, the virtual work δW c due to the contact pressures p m and p s can be written as
where the virtual displacements δu m and δu s are defined on the contact surfaces γ 
the mechanical and geometric constraints are given by the following relations.
The first and second inequalities represent the compressive contact force and the impenetration condition, respectively. The last equation indicates that the gap (or the contact pressure) becomes zero in contact (or non-contact) state.
2 Discretization of contact surfaces
In finite element contact analysis, the candidate contact surfaces are divided into elements as shown in Fig. 1 . In the conventional one-pass approach, the node x s (slave node) on the slave contact surface tends to contact with its projection point x m (master point) on the master contact surface. Denoting ξ 1 and ξ 2 as the convected coordinates shown in Fig. 1 
The differential area of contact element is given in the convected coordinate system as
By introducing the definition of the following matrix composed from shape functions N m i (i = 1,...,n) of master element,
the virtual displacement and global coordinate of the master point x m can be interpolated as
where the definitions definitions, the discretized form of the penetration can be obtained as
with [I] denoting a unit 3×3 matrix, {n m } and {x s } denoting the matrix forms of the unit outward normal vector at the master point x m and the global coordinates of the slave node x s , respectively.
Examination of the Contact Patch Test
Similar to the patch test in finite element structural analysis when the nonconforming elements are used, passing the patch test in contact analysis requires that the state of constant pressure on the contact boundary has to be represented by an arbitrary patch of contact elements in the contact surfaces.
Using the one-pass approach, taking the following relations into account,
the contact virtual work (Eq. (2)) can be rewritten as
The contact pressure p can be treated as the Lagrange multiplier if the geometrical constraint is imposed by the Lagrange multiplier method, or can be defined as a function of the penetration by applying the penalty method.
Since the integration of Eq. (15) is applied to contact elements after finite element discretization, it is clear that Eq. (15) holds only if the mesh in the slave surface conforms to that in the master surface. However in large deformation analysis, the contact area is unknown a priori, thus the nonconforming meshes are generally derived from the arbitrary mesh generation and the sliding between contact surfaces. In the conventional one-pass approach, this problem is bypassed as follows by approximating the contact virtual work Eq. (15) with the concentrate contact force F c , virtual displacements δu m and δu s at the contact node x s and contact point x m ( Fig. 1 )
where Eqs. (8), (9) and (11) were used. In fact, the approximation of the contact virtual work in such a way corresponds to a collocation method. As shown in Fig. 1 , while the node is selected as the sample point in the slave surface, the sample point in the master surface is an inner point of the contact element. Therefore, the relation between the sample points in the slave and master surfaces varies with the arbitrarily generated meshes and the relative movement of the contact surfaces under a large deformation, and thus is inconsistent in the sense of the contact virtual work in general. Furthermore, the different effect of a contact element with a different size on the equivalent nodal contact force is not reflected. These facts imply that the contact load may not be transmitted correctly between contact boundaries. Figure 2 shows an example of two blocks in contact under vertical uniform load P (2) . The contact surfaces are divided into linear elements. The contact pressures on both sides of the contact surfaces will be the same as the load P if the contact load is transmitted correctly. Substituting the contact pressure P into the right hand side of Eq. (2) leads to the equivalent nodal contact force distribution on the contact surfaces of two blocks as shown in Fig. 2 (a) . On the other hand, assuming that the equivalent nodal contact force is obtained correctly on the contact surface of the lower body, consider the case of using concentrate contact force, and substitute the obtained nodal contact force into Eq. (16) as the concentrate contact force F c at the slave node. It can be easily confirmed that the first term on the most right hand side of Eq. (16) gives the equivalent nodal contact force distribution on the contact surface of the upper block (master surface) as shown in Fig. 2 (b) . The difference in the equivalent nodal contact force distribution on the contact surface of the upper block between Fig. 2 (a) and (b) shows that the uniform contact pressure cannot be represented on the contact surface of the upper block if the concentrate contact force is used. Since passing the contact patch test in finite element contact analysis requires that the uniform contact pressure distribution on the contact surface be reproduced for arbitrary mesh division, this example shows that the conventional one-pass approach using concentrate contact force cannot pass the contact patch test and the solution errors On the other hand, since the penetration of the master node onto slave surface is not constrained in the onepass approach, the errors of the contact force due to failure in the patch test result in the spurious penetrations into the slave surface. Such spurious penetrations are suppressed in the two-pass approach by imposing a geometric constraint on both master and slave contact surfaces. Therefore the deformation of the contact boundaries approaches the correct solution and the contact patch test may be passed. However, it has been indicated that the inf-sup condition may be unsatisfied in the two-pass approach since the over-constraint may occur on the contact surfaces (2) . In fact, the finite element contact analyses by introducing a two-pass approach diverge frequently in the author's experience. To avoid using the discretized form of Eq. (16), another approach has been proposed to introduce a new intermediate surface, shared by both the slave and master surfaces, for the integration of the contact virtual work given by Eq. (15). The main problems that currently prevent this approach from being used are the complexity of the formulation and the difficulty in defining a general intermediate surface in 3D case.
Formulation of the New Algorithm to Pass the Contact Patch Test
In this research, instead of the concentrate contact force at the contact point, the contact pressure is used in the integration of the contact virtual work over the contact surface, whereas the geometric constraint on the contact boundaries is simply imposed by introducing procedures in the one-pass approach. In this way the contact patch test can be passed while avoiding the problem of overconstraint in the two-pass approach. The formulation of the proposed approach follows.
1 Discretization of contact virtual work
By discretizing the slave and master surfaces respectively as introduced in section 2.2, the contact virtual work given by Eq. (2) on the contact element of each contact surface can be rewritten as 
By applying the Lagrange multiplier method, the nodal contact pressures on the slave surface correspond to the Lagrange multiplier and become independent variables as in the one-pass approach. But the nodal contact pressures on the master surface remain to be determined. By projecting the master node onto the slave element as shown in Fig. 3 , the nodal contact pressure p m i at node i of the master element is considered to be equal to the contact pressure at the projected point in the slave element. This can be interpolated from the shape function N 
where [L] and {P s } represent the matrices composed of the shape functions and nodal contact pressures of all slave elements related to the specified master element, respectively.
Finally, the only nodal contact pressures of the slave nodes remain the independent variables regarding the contact load and correspond to the Lagrange multipliers. Accordingly, by numerically integrating the contact virtual work over all contact elements of the slave and master surfaces respectively, and by transmitting the contact load between contact boundaries with the nodal contact pressure rather than the concentrate contact force, the equivalent nodal contact force can be correctly evaluated in the virtual work Fig. 3 Projection of master contact nodes onto slave elements sense. In addition, the discretized form of the penetration on the contact surface is determined from Eq. (13) as in the one-pass approach (Fig. 1 ).
2 The contact tangent stiffness
In the analysis of large deformation problems, to ensure the quadratic convergence of iterative computation, the consistent (exact) contact tangent stiffness is required by taking the changes due to the deformation of the shape and orientation of the contact element into account. Differentiating the discretized contact virtual work Eq. (22) leads to
Based on the definitions of Eqs. (6) and (7), the differentiations with respect to the displacement of the unit outward normal vector, and Jacobian transformation of the differential area between global and convected coordinate systems in the contact surface α (= m, s) are obtained as following.
Furthermore, by interpolating the location and displacement vectors at the integration point of the contact element from the nodal values, the differentiations of the covariant base vectors in a convected coordinates system are given as
Thus the differentiation of the cross product that appears in Eqs. (26) and (27) of the covariant base vectors is obtained as
where W 
In the above relations, the k component in the global coordinate system of the covariant base vector t α j in the convected coordinate system is represented by t (33) . When the master node is projected onto the slave element with a minimum distance between the master node and the projected point (i.e., drawing a line perpendicular to the slave element from the master node, as shown in Fig. 3 ), the variations of the convected coordinates ∆ξ 1 and ∆ξ 2 with respect to the deformation at the projected point of the slave element can be obtained as described in the authors' previous work (6) . Finally, by substituting Eqs. (26), (27) and (33) into Eq. (25) and regarding that the nodal contact pressures on the slave surface are taken as independent nodal variables, the global contact tangent stiffness matrix is derived in the following form after assembling the element stiffness for all contact elements.
where {U c } and {P} represent all nodal displacements in the master and slave surfaces and nodal contact pressures in the slave surface, respectively. Additionally, by differentiating Eq. 
Combining Eq. (35) with Eq. (36) leads to the whole contact tangent stiffness.
Numerical Examples
1 Patch test
To assess the validity of the proposed algorithm in section 4, the patch test shown in Fig. 2 is performed with the model in Fig. 4 . Figure 5 shows that the constant contact pressure on the contact surface is represented by the proposed algorithm, whereas the distribution of contact pressure is violated in the conventional one-pass approach. Also, from Fig. 6 , it is clear that the uniform deformation of a contact surface is obtained in the proposed algorithm, but the unreal deformation is observed in the conventional approach due to the violation of the contact pressure.
2 Hertz contact problem
Furthermore, to verify the proposed algorithm, the Hertz problem of a cylinder contacting a foundation is analyzed and the result is compared with the analytical so- lution (7) . By virtue of the symmetry of the problem, the finite element mesh of one half of the Hertz model shown in Fig. 7 is constructed by use of 8-node bilinear hexahedral elements. The incompatible meshes on two contact sides are generated deliberately to assess the influence of nonconforming mesh. The freedoms in the out-of-plane direction are constrained to simulate a plane strain state.
First, the comparison of numerical results with the analytical solution is shown in Fig. 8 by assuming the foun- dation to be rigid (case 1). If the cylindrical surface is taken as the slave surface, it can be seen from Fig. 8 (a) that the results of both the proposed and conventional approaches agree well with the analytical solution. Since the slave node cannot penetrate the master surface, the deformed slave surface coincides with the upper surface of the rigid foundation and thus leads to appropriate nodal displacements of the slave nodes, which in turn result in proper equivalent nodal forces. Consequently, considering that the equivalent nodal forces at slave nodes correspond to the concentrate contact forces, the contact virtual work can be evaluated appropriately even in the conventional approach. On the other hand, if the upper surface of the rigid foundation is set to be the slave surface, the slave nodal displacements are fixed and the nodal forces at the slave nodes are related only to the deformation of the master surface. In the conventional approach, even though the master points in the deformed cylindrical surface lie on the upper surface of rigid foundation, errors arise in the equivalent nodal contact forces, and further in the nodal contact pressures as shown in Fig. 8 (b) . These errors at the slave nodes are due to the transmission of concentrate contact forces at the master points, which is not guaranteed to be consistent with the contact virtual work. However, the results of the proposed algorithm show good agreement with the analytical solution regardless of the selection of slave and master surfaces.
The analysis was also performed when the properties of the foundation were the same as those of the cylinder. As shown in Fig. 9 , considerable disorder appears in the distribution of the contact pressure obtained by the conventional approach. Figure 10 shows the deformation of the contact surfaces. The meshes of contact surfaces become nonconforming with deformation even if using initial conforming meshes, and so the error of contact pressure distribution results from the incorrect contact load transmission when using concentrate contact force in the conventional approach. On the hand, in the proposed algorithm it is considered that the contact pressure is evaluated Fig. 9 Comparison of results by two approaches (case2) appropriately and transmitted reasonably between contact surfaces. As a result, the smooth distribution of contact pressure is obtained and shows a good agreement with the analytical solution. Furthermore, if paying attention to the distribution of the vertical component of stress as shown in Fig. 11 , an almost continuous distribution of the stress is obtained by using the proposed algorithm, whereas the result of the conventional approach shows the discontinuous stress distribution between two contact surfaces, especially near the center of the contact area. This demonstrates that the contact load is not transmitted correctly in the conventional approach and the error of the contact pressure not only influences the deformation but also the stress state. In the above examples, the contact surfaces were discretized by use of 4-node quadrilateral elements. The numerical integration of the contact virtual work was carried out by applying a 2 × 2 Gaussian rule in the proposed algorithm. The same results were also obtained by applying a 3× 3 Gaussian rule, which show that in the proposed algorithm the results are not influenced by the number of integration points. Furthermore, in order to investigate the influence of the different mesh configurations between two contact surfaces, the analyses using meshes of the master surface coarser than, similar to and finer than the mesh of the slave surface are carried out by applying the same conditions as case 2 shown in Fig. 7 . Figure 12 shows the deformed contact surfaces using different mesh configurations. When using finer mesh in the master surface, the spurious penetrations to the slave surface are observed at the master nodes in the conventional one-pass approach due to the influence of the incorrectly transmitted contact loads on the displacements of the unconstrained master nodes. However such spurious penetrations do not appear and fairly good results of contact pressure shown in Fig. 13 are obtained in the proposed algorithm. This fact indicates that the appropriate contact load transmission in the proposed algorithm, by evaluating the nodal contact pressure of the master surface from that of the projected point in the slave surface can have the effect of the two-pass approach but without worrying about the over-constraint. also shows good results of contact pressure when similar meshes in both contact surfaces are used. However the considerable errors of the contact pressure results appear as shown in Fig. 13 , in the case of using coarser mesh in the master surface. These errors are considered to have originated from the bilinear elements with four nodes used in the mesh of the master surface. Since such elements remain flat during deformation, if there is more than one slave node they are constrained to the same master element, and the nodal displacements of these slave nodes cannot be obtained appropriately and thus the errors of the nodal contact pressures are caused. Therefore, it can be reasonably argued that a finer mesh or the type of element of higher order is preferred to be used in the master surface.
Conclusions
In the conventional one-pass approach of finite element contact analysis, if nonconforming meshes are used in the deformable contact surfaces, the contact patch test cannot be passed generally because the contact load is not guaranteed to be transmitted appropriately due to the evaluation of contact virtual work from concentrate contact force. In this research, a simple and effective contact analysis algorithm was proposed based on the integration of contact virtual work over contact surfaces and the transmission of the nodal contact pressure of the master node from the contact pressure of the master node's projection point in the slave element, which are interpolated from the nodal contact pressures of the slave nodes. In this way, the contact patch test can be passed using the one-pass approach. Furthermore, two numerical examples verify the validity of the proposed algorithm.
